Introduction {#Sec1}
============

Quantum entanglement is a quintessential feature of quantum mechanics revealing the fundamental insights into the nature of quantum correlations. One distinct property of quantum entanglement without any classical counterpart is its limited shareability in multi-party quantum systems, known as the *monogamy of entanglement* (MoE)^[@CR1],[@CR2]^. MoE is the fundamental ingredient in many quantum information processing tasks such as quantum cryptography^[@CR3],[@CR4]^, and even in condensed-matter physics such as the *N*-representability problem for fermions^[@CR5]^.

Mathematically, MoE is characterized in forms of an inequality, namely *monogamy inequality*. The first monogamy inequality was established in three-qubit systems by Coffman-Kundu-Wootters (CKW) as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\tau ({\rho }_{A|BC})\ge \tau ({\rho }_{A|B})+\tau ({\rho }_{A|C})$$\end{document}$$for a three-qubit quantum state *ρ*~*ABC*~ with its two-qubit reduced density matrices *ρ*~*AB*~ = tr~*C*~*ρ*~*ABC*~ and *ρ*~*AC*~ = tr~*B*~*ρ*~*ABC*~, where *τ*(*ρ*~*A*\|*BC*~) is the bipartite entanglement between subsystems *A* and *BC*, quantified by *tangle* and *τ*(*ρ*~*A*\|*B*~) and *τ*(*ρ*~*A*\|*C*~) are the tangle between *A* and *B* and between *A* and *C*, respectively^[@CR6]^. The tangle of a bipartite pure state $\documentclass[12pt]{minimal}
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                \begin{document}$${\rho }_{A}={{\rm{tr}}}_{B}{|\psi \rangle }_{AB}\langle \psi |$$\end{document}$ is the reduced density matrix of $\documentclass[12pt]{minimal}
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                \begin{document}$${|\psi \rangle }_{AB}$$\end{document}$ onto the subsystem *A*. For a bipartite mixed state *ρ*~*AB*~, its tangle is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau ({\rho }_{A|B})=\,{\rm{\min }}\,{\sum }_{i}\,{p}_{i}\tau ({|{\psi }_{i}\rangle }_{A|B})$$\end{document}$ where the minimum is taken over all possible pure-state decompositions of $\documentclass[12pt]{minimal}
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                \begin{document}$${\rho }_{AB}={\sum }_{i}\,{p}_{i}{|{\psi }_{i}\rangle }_{AB}\langle {\psi }_{i}|$$\end{document}$^[@CR6]^. Later, three-qubit CKW inequality was generalized for arbitrary multi-qubit systems^[@CR7]^ and some cases of multi-party, higher-dimensional quantum systems more than qubits in terms of various bipartite entanglement measures^[@CR8]--[@CR11]^.

Using the *assisted entanglement* that is a dual amount to bipartite entanglement measures, a dually monogamous (thus polygamous) property of multi-party entanglement was also established; for a three-qubit state *ρ*~*ABC*~, a *polygamy inequality* was proposed as$$\documentclass[12pt]{minimal}
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                \begin{document}$${\tau }^{a}({\rho }_{A|BC})\le {\tau }^{a}({\rho }_{A|B})+{\tau }^{a}({\rho }_{A|C}),$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${\tau }^{a}({\rho }_{A|B})=\,{\rm{\max }}\,{\sum }_{i}\,{p}_{i}\tau ({|{\psi }_{i}\rangle }_{A|B})$$\end{document}$ is the tangle of assistance whose maximum is taken over all possible pure-state decompositions of $\documentclass[12pt]{minimal}
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                \begin{document}$${\rho }_{AB}={\sum }_{i}\,{p}_{i}{|{\psi }_{i}\rangle }_{AB}\langle {\psi }_{i}|$$\end{document}$^[@CR12],[@CR13]^. Later, this tangle-based polygamy inequality of entanglement was generalized into multi-qubit systems as well as some class of higher-dimensional quantum systems using various entropic entanglement measures^[@CR10],[@CR14],[@CR15]^. General polygamy inequalities of entanglement were also established in arbitrary dimensional multi-party quantum systems^[@CR16],[@CR17]^.

Entanglement is an intrinsic nature of quantum states in composite systems that cannot be realized by local operations and classical communications (LOCC). Thus it is natural to classify entangled states by means of their interconvertibility under LOCC with non-zero probability, that is, stochastic LOCC (SLOCC). Unlike bipartite entanglement, multi-party quantum entanglement is known to have several inequivalent classes by means of SLOCC interconvertibility^[@CR18]^. For example, it is known that genuine three-qubit pure entanglement has two inequivalent classes, *Greenberger*-*Horne*-*Zeilinger* (GHZ) class^[@CR19]^ and W class^[@CR18]^.

Although GHZ and W classes are both considered as the genuine three-qubit entanglement, these inequivalent classes reveal different characters; W-class states assume the maximum expected amount of two-qubit entanglement when one qubit is traced out, while GHZ-class states loose most two-qubit entanglement. This different characteristics can also be investigated in terms of entanglement monogamy and polygamy, as CKW and its dual inequalities for three-qubit systems are saturated by the W-class states, while each inequality can assume the largest differences between both sides for the GHZ-class states.

The saturation of CKW and its dual inequalities for the W-class states can be physically interpreted as a complete characterization genuine three-qubit (multi-party) entanglement in terms of two-qubit (bipartite) ones within it, whereas GHZ class has too fragile two-qubit ones to have such interpretation. Thus, not only a distinct phenomena in multi-party quantum systems, entanglement monogamy and polygamy can be used as an efficient tool to characterize multi-party quantum entanglement among different classes. However, three-qubit CKW inequality based on tangle is no more valid in higher-dimensional systems due to the existence of counterexamples in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3\otimes 3\otimes 3$$\end{document}$ and even in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3\otimes 2\otimes 2$$\end{document}$ quantum systems^[@CR8],[@CR20]^. Thus it is an important task to have proper bipartite entanglement quantifications, besides tangle, showing tight monogamy and polygamy inequalities for efficient characterization of multi-party entanglements from different classes in multi-party and even in high-dimensional quantum systems.

Recently, a new class of monogamy inequalities using the *α*th-power of entanglement measures were proposed; for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \ge \sqrt{2}$$\end{document}$, the *α*th-power of entanglement of formation was shown to be used to establish a class of monogamy inequality of multi-qubit entanglement^[@CR21]^, and a similar result was proposed using the *α*th-power of concurrence for *α* ≥ 2^[@CR21]^. Later, tighter monogamy and polygamy inequalities of entanglement using non-negative power of concurrence and square of convex-roof extended negativity were also proposed for multi-qubit systems^[@CR22],[@CR23]^.

Here, we provide a full characterization of multi-qubit entanglement monogamy and polygamy constraints in terms of non-negative power of entanglement measures based on unified entropy^[@CR24],[@CR25]^. Using the Hamming weight of the binary vector related with the distribution of subsystems, we establish a class of monogamy inequalities of multi-qubit entanglement based on the *α*th-power of unified-(*q*, *s*) entanglement^[@CR11]^ for *α* ≥ 1. For 0 ≤ *β* ≤ 1, we establish a class of polygamy inequalities of multi-qubit entanglement in terms of the *β*th-power of unified-(*q*, *s*) entanglement of assistance^[@CR15]^. Our results of monogamy and polygamy inequalities established here hold in a tighter way than other multi-qubit entanglement inequalities provided so far. Moreover, our new class of monogamy inequalities are also valid for the counterexamples of CKW monogamy inequality in higher-dimensional systems more than qubits.

This paper is organized as follows: First, we review the definitions of unified entropy, unified-(*q*, *s*) entanglement and unified-(*q*, *s*) entanglement of assistance as well as multi-qubit monogamy and polygamy inequalities in terms of unified entanglements. After providing notations and definitions about binary vectors and Hamming weight, we establish a class of tight monogamy inequalities in multi-qubit system based on the *α*th-power of unified-(*q*, *s*) entanglement for *α* ≥ 1. We further establish a class of tight polygamy inequalities of multi-qubit entanglement in terms of the *β*th-power of unified-(*q*, *s*) entanglement of assistance for 0 ≤ *β* ≤ 1. Finally, we summarize our results.

Results {#Sec2}
=======

Unified entropy and multi-qubit entanglement constraints {#Sec3}
--------------------------------------------------------

For *q*, *s* ≥ 0 with *q* ≠ 1 and *s* ≠ 0, unified-(*q*, *s*) entropy of a quantum state *ρ* is defined as^[@CR24],[@CR25]^,$$\documentclass[12pt]{minimal}
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Although unified-(*q*, *s*) entropy has a singularity at *s* = 0, it converges to Rényi-*q* entropy as *s* tends to 0^[@CR26],[@CR27]^. We also note that unified-(*q*, *s*) entropy converges to Tsallis-*q* entropy^[@CR28]^ when *s* tends to 1, and for any nonnegative *s*, unified-(*q*, *s*) entropy converges to von Neumann entropy as *q* tends to 1,$$\documentclass[12pt]{minimal}
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Using unified-(*q*, *s*) entropy in Eq. ([1](#Equ1){ref-type=""}), a two-parameter class of bipartite entanglement measures was introduced; for a bipartite pure state $\documentclass[12pt]{minimal}
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                \begin{document}$${|\psi \rangle }_{AB}$$\end{document}$, its *unified*-(*q*, *s*) *entanglement* (UE)^[@CR11]^ is$$\documentclass[12pt]{minimal}
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                \begin{document}$${\rho }_{A}={{\rm{tr}}}_{B}{|\psi \rangle }_{AB}\langle \psi |$$\end{document}$ is the reduced density matrix of $\documentclass[12pt]{minimal}
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                \begin{document}$${|\psi \rangle }_{AB}$$\end{document}$ onto subsystem *A*. For a bipartite mixed state *ρ*~*AB*~, its UE is$$\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{q,s}({\rho }_{A|B})\,:\,=\,{\rm{\min }}\,\sum _{i}\,{p}_{i}{E}_{q,s}({|{\psi }_{i}\rangle }_{A|B}),$$\end{document}$$where the minimum is taken over all possible pure state decompositions of $\documentclass[12pt]{minimal}
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                \begin{document}$${\rho }_{AB}={\sum }_{i}\,{p}_{i}{|{\psi }_{i}\rangle }_{AB}\langle {\psi }_{i}|$$\end{document}$. As a dual concept to UE, *unified*-(*q*, *s*) *entanglement of assistance* (UEoA) was also introduced as$$\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{q,s}^{a}({\rho }_{A|B})\,:\,=\,{\rm{\max }}\,\sum _{i}\,{p}_{i}{E}_{q,s}({|{\psi }_{i}\rangle }_{A|B}),$$\end{document}$$for *q*, *s* ≥ 0 where the maximum is taken over all possible pure state decompositions of *ρ*~*AB*~^[@CR15]^.

Due to the continuity of UE in Eq. ([4](#Equ4){ref-type=""}) with respect to the parameters *q* and *s*, UE reduces to *Rényi*-*q entanglement* (RE)^[@CR9]^ as *s* tends to 0, and it also reduces to *Tsallis*-*q entanglement* (TE)^[@CR10]^ as *s* tends to 1. For any nonnegative *s*, UE converges to *entanglement of formation* (EoF) as *q* tends to 1,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathop{\mathrm{lim}}\limits_{q\to 1}\,{E}_{q,s}({\rho }_{A|B})={E}_{f}({\rho }_{A|B}),$$\end{document}$$therefore UE is one of the most general classes of bipartite entanglement measures including the classes of Rényi and Tsallis entanglements and EoF as special cases^[@CR11]^. Similarly, the continuity of UEoA in Eq. ([5](#Equ5){ref-type=""}) with respect to the parameters *q* and *s* assures that UEoA reduces to *Rényi*-*q entanglement of assistance* (REoA)^[@CR9]^ and *Tsallis*-*q entanglement of assistance* (TEoA)^[@CR10]^ when *s* tends to 0 or 1 respectively. For any nonnegative *s*, UEoA reduces to *entanglement of assistance* (EoA)$$\documentclass[12pt]{minimal}
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Using UE as the bipartite entanglement measure, a two-parameter class of monogamy inequalities of multi-qubit entanglement was established^[@CR11]^; for *q* ≥ 2, 0 ≤ *s* ≤ 1 and *qs* ≤ 3, we have$$\documentclass[12pt]{minimal}
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Later, it was shown that unified entropy can also be used to establish a class of polygamy inequalities of multi-qubit entanglement^[@CR15]^; for 1 ≤ *q* ≤ 2 and −*q*^2^ + 4*q* − 3 ≤ *s* ≤ 1, we have$$\documentclass[12pt]{minimal}
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Tight monogamy constraints of multi-qubit entanglement in terms of unified entanglement {#Sec4}
---------------------------------------------------------------------------------------

In this section, we establish a class of tight monogamy inequalities of multi-qubit entanglement using the *α*'th power of UE. Before we present our main results, we first provide some notations, definitions and a lemma, which are useful throughout this paper.

For any nonnegative integer *j* whose binary expansion is$$\documentclass[12pt]{minimal}
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### **Lemma 1**. {#FPar1}
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Now we provide our first result, which states that a class of tight monogamy inequalities of multi-qubit entanglement can be established using the *α*-powered UE and the Hamming weight of the binary vector related with the distribution of subsystems.

### **Theorem 2**. {#FPar2}

*For α* ≥ 1, *q* ≥ 2 *and* 0 ≤ *s* ≤ 1, *qs* ≤ 3, *we have*$$\documentclass[12pt]{minimal}
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### *Proof*. {#FPar3}

Without loss of generality, we may assume that the ordering of the qubit subsystems *B*~0~, ..., *B*~*N*−1~ satisfies$$\documentclass[12pt]{minimal}
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For the validity of Inequality ([14](#Equ14){ref-type=""}) in multi-party higher-dimensional quantum systems more than qubits, let us consider the counterexample of CKW inequality in three-qutrit systems^[@CR20]^$$\documentclass[12pt]{minimal}
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Here we would like to remark that, for a selective choice of *q* and *s* as well as *α*, Inequality ([14](#Equ14){ref-type=""}) still holds for the counterexample of CKW inequality in Eq. ([32](#Equ32){ref-type=""}); we first note that the two-qutrit reduced density matrix *ρ*~*AB*~ of $\documentclass[12pt]{minimal}
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By the Hughston-Jozsa-Wootters (HJW) theorem^[@CR30]^, any pure state ensemble of *ρ*~*AB*~ can be realized as a superposition of $\documentclass[12pt]{minimal}
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For the choice of *s* = 0 and *q* = 3, the unified-(*q*, *s*) entropy in Eq. ([1](#Equ1){ref-type=""}) is reduced to $\documentclass[12pt]{minimal}
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We also note that an analogous argument can be made to show the validity of Inequality ([14](#Equ14){ref-type=""}) for the other counterexample of CKW inequality in $\documentclass[12pt]{minimal}
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The following theorem shows that Inequality ([14](#Equ14){ref-type=""}) of Theorem [2](#Equ2){ref-type=""} can be even improved to be a tighter inequality with some condition on two-qubit entanglement;

### **Theorem 3**. {#FPar4}
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### *Proof*. {#FPar5}

Due to Inequality ([16](#Equ16){ref-type=""}), it is enough to show$$\documentclass[12pt]{minimal}
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                \begin{document}$${(\sum _{j=0}^{N-1}{E}_{q,s}({\rho }_{A|{B}_{j}}))}^{\alpha }\ge \sum _{j=0}^{N-1}\,{\alpha }^{j}{({E}_{q,s}({\rho }_{A|{B}_{j}}))}^{\alpha },$$\end{document}$$and we use mathematical induction on *N*. We further note that Inequality ([20](#Equ20){ref-type=""}) in the proof of Theorem [2](#Equ2){ref-type=""} assures that Inequality ([39](#Equ39){ref-type=""}) is true for *N* = 2.

Now let us assume the validity of Inequality ([39](#Equ39){ref-type=""}) for any positive integer less than *N*. For a multi-qubit state $\documentclass[12pt]{minimal}
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For any nonnegative integer *j* and its corresponding binary vector $\documentclass[12pt]{minimal}
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Tight polygamy constraints of multi-qubit entanglement in terms of unified entanglement of assistance {#Sec5}
-----------------------------------------------------------------------------------------------------

As a dual property to the Inequality ([14](#Equ14){ref-type=""}) of Theorem [2](#Equ2){ref-type=""}, we provide a class of polygamy inequalities of multi-qubit entanglement in terms of powered UEoA.

### **Theorem 4**. {#FPar6}

*For* 0 ≤ *β* ≤ 1, −*q*^2^ + 4*q* − 3 ≤ *s* ≤ 1 *on* 1 ≤ *q* ≤ 2 *and any multi-qubit state* $\documentclass[12pt]{minimal}
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### *Proof*. {#FPar7}

Without loss of generality, we assume the ordering of the qubit subsystems *B*~0~, ..., *B*~*N*−1~ satisfying$$\documentclass[12pt]{minimal}
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The proof method is similar to that of Theorem [2](#Equ2){ref-type=""}; we first prove Inequality ([48](#Equ48){ref-type=""}) for the case that *N* = 2^*n*^ by using mathematical induction on *n*, and generalize the result to any positive integer *N*. For *n* = 1 and a three-qubit state $\documentclass[12pt]{minimal}
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Now we assume the validity of Inequality ([48](#Equ48){ref-type=""}) for *N* = 2^*n*−1^ with *n* ≥ 2, and consider the case that *N* = 2^*n*^. For an (*N* + 1)-qubit state $\documentclass[12pt]{minimal}
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(Possibly, we may index and reindex subsystems to get Inequality ([54](#Equ54){ref-type=""}), if necessary). Thus, Inequalities ([52](#Equ52){ref-type=""}), ([53](#Equ53){ref-type=""}) and ([54](#Equ54){ref-type=""}) recover Inequality ([48](#Equ48){ref-type=""}) when *N* = 2^*n*^.

For an arbitrary positive integer *N* and a (*N* + 1)-qubit state $\documentclass[12pt]{minimal}
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To illustrate the tightness of Inequality ([45](#Equ45){ref-type=""}) in Theorem [4](#Equ4){ref-type=""}, let us first recall the general polygamy inequality of entanglement in arbitrary-dimensional multi-party quantum systems^[@CR16]^;□$$\documentclass[12pt]{minimal}
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Now let us consider the three-qubit W-state$$\documentclass[12pt]{minimal}
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For *q* tends to 1, the unified-(*q*, *s*) entanglement is reduced to EoA as in Eq. ([7](#Equ7){ref-type=""}), therefore the marginal UEoA from Inequality ([45](#Equ45){ref-type=""}) for three-qubit, W-state when *q* = 1 and $\documentclass[12pt]{minimal}
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Thus Inequality ([45](#Equ45){ref-type=""}) is generally tighter than Inequality ([58](#Equ58){ref-type=""}), which also delivers better bounds to characterize the W-class type three-party entanglement by means of bipartite ones.

We further note that an analogous argument for the improvement of monogamy inequalities from Theorem [2](#Equ2){ref-type=""} to Theorem [3](#Equ3){ref-type=""} can also be applied to Inequality ([45](#Equ45){ref-type=""}) of Theorem [4](#Equ4){ref-type=""} for a tighter class of polygamy inequalities with some condition on two-qubit entanglement of assistance.
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Discussion {#Sec6}
==========

Since its inception, understanding the nature of quantum entanglement is at the heart of quantum information theory. Although entanglement in bipartite quantum systems has been well studied with rich understanding, the situation becomes far more difficult for the case of multi-partite quantum entanglement, and only few are known for its characterization as well as its quantification. On the other hand, the saturation of monogamy and polygamy inequalities of multi-party entanglement provide us with an efficient way of characterizing multi-party quantum entanglements among different classes, because the genuine multi-party entanglement of this type can be completely characterized by means of the two-way (bipartite) entanglement within it. Thus it is an important task to have proper bipartite entanglement quantifications showing tight monogamy and polygamy inequalities for an efficient characterization of entanglements from different classes in multi-party and even in high-dimensional quantum systems.

Here we have provided a characterization of multi-qubit entanglement monogamy and polygamy constraints in terms of non-negative power of entanglement measures based on unified entropy. Using the Hamming weight of the binary vector related with the distribution of subsystems, we have established a class of monogamy inequalities of multi-qubit entanglement based on the *α*th-power of UE for *α* ≥ 1. We have also established a class of polygamy inequalities of multi-qubit entanglement in terms of the *β*th-power of UEoA for 0 ≤ *β* ≤ 1.

Our results deal with the full range of non-negative power of the most general class of bipartite entanglement measures based on unified-(*q*, *s*) entropy to establish monogamy and polygamy inequalities of multi-qubit entanglement, therefore our results encapsulate the results of various entropy-based monogamy and polygamy inequalities as special cases. For a selective choice of parameters *q*, *s* and *α*, our class of monogamy inequalities are also valid for the counterexamples of CKW monogamy inequality in higher-dimensional systems more than qubits.

We also remark that the class of monogamy and polygamy inequalities established here hold in a tighter way than other multi-qubit entanglement inequalities provided so far. Thus our results can provide an efficient way of characterizing entanglement shareability and distribution among the multi-party quantum systems without any known counterexample even in higher-dimensional systems more than qubits.
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